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In this article we show that projective planes with a small collineation group of
perspectivities can be used to construct Hadamard designs.  2001 Academic Press
1. INTRODUCTION
Let D be a (v, k, *) symmetric design and n=k&*. Then 4n&1v
n2+n+1. If v=4n&1, then D is a Hadamard design of order n. If
v=n2+n+1, then D is a projective plane of order n. In this article, we
show that there are some relations between projective planes with certain
small collineation groups and Hadamard designs
The main results are the following two theorems. The first is
Theorem 2.8. Let 6 be a projective plane of order n(8). If n#0
(mod 4) and 6 has an elation group G of order 12n with a common center P0
and a common axis l0 , then there exists a Hadamard design with parameters
(n&1, 12n&1,
1
4n&1).
The second is
Theorem 4.8. Let 6 be a projective plane of order n(7). If n#3
(mod 4) and 6 has a homology group G of order 12 (n&1) with a common
center P0 and a common axis l0 , then there exists a Hadamard design with
parameters (n, 12 (n&1),
1
4 (n&3)).
Ko and Ray-Chaudhuri [7] and Arasu and Jungnickel [1] gave some
correspondences from an affine difference set of order n with n#0 (mod 4)
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to a Hadamard design with parameters (n&1, 12n&1,
1
4 n&1). But the
correspondence used in the proof of Theorem 4.8 is different from these
correspondences. Since translation planes of order q for each power q of 2
satisfy the condition of Theorem 2.8, there exist Hadamard designs with
parameters (q&1, 12q&1,
1
4 q&1). Since nearfield planes satisfy the condi-
tion of Theorem 4.8, there exist Hadamard designs with parameters
(r, 12 (r&1),
1
4 (r&3)). The later designs are the generalized Paley-type
designs. The former designs come from Singer difference sets. We remark
that there are projective planes which are not translation planes of even
order satisfying the assumption of Theorem 2.8. We are very interested in
the Hadamard designs corresponding to these planes, but we do not
investigate these designs in this article. In Section 3, we show that there is
no projective plane of order 12 with an elation of order 6. In Section 5, we
show that any projective plane of order 11 with a homology of order 5 is
desarguesian.
Ho [3] studied the possible collineation groups of projective planes of
order 15. According to his paper, the possibility of a homology of order 7
(see Theorem 4.8 when n=15) still remained. The author is interested in
the projective plane of order 15 with a homology of order 7, but it seems
to be difficult to determine the planes. In [10] the author showed that
there is no projective plane of order 15 with a collineation group of order 21.
Most definitions and notation are standard and are taken from [2, 4, 6,
8, 9].
2. THE ELATION TYPE
Throughout this section we assume the following.
Hypothesis 2.1. Let 6=(P, L) be a projective plane of even order
n(n8), where P is the point set and L is the line set. Let G be an elation
group of order 12n of 6 with a common center P0 and a common axis l0 .
Let (P0)=[l0 , l1 , ..., ln] and (l0)=[P0 , P1 , ..., Pn]. Let P0 , P1 , ..., P3n be
G-orbits on P and L0 , L1 , ..., L3n G-orbits on L. Then we may assume the
following:
Pi=[Pi], Li=[li] (0in),
|Pi |=|Li |=
1
2 n (n+1i3n),
(li)=Pn+i _ P2n+i , (Pi)=Ln+i _ L2n+i (1in).
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If 0 is a point orbit and 2 is a line orbit of G, set (0 2)=|0 & (l )|, where
l is a line in 2. Here we remark that the number (0 2) depends only on
0 and 2, not on l. For a subset H of G, set H =+ # H +( # Z[G]) and
H&1=[+&1 | + # H].
Set mij=(Pj Li) for i, j, 0i, j3n, M=(mij)0i, j3n and L=
(mij)n+1i, j3n=(lij)0i, j2n&1 . Choose a point Pj # Pj and a line li # Li
for i, j, n+1i, j3n. Set Dij=[+ # G | P+j # (li)] for i, n+1i3n.
Clearly |Dij |=mij . We remark that Dij , n+1i, j3n, are either the
empty set or a subset of size 1 of G.
Lemma 2.2. Let n+1i, i$3n. Then
:
n+1 j3n
Dij&1@ D i$j@
n if i=i$,
={0 if [i, i$] # [[n+1, 2n+1], [n+2, 2n+2], ..., [2n, 3n]],G otherwise.
Proof. Set 8=n+1 j3nDij&1@ Di$j@. Assume that i=i$. Then
8= :
n+1 j3n
Dij&1@ Dij@
= :
n+1 j3n, P j
+ # (li ), + # G
+&1+
=|(Pn+1 _ P2n+1) & (li)|+|(Pn+2 _ P2n+2) & (li)|
+ } } } +|(P2n _ P3n) & (li)|=n.
Assume that [i, i$] # [[n+1, 2n+1], [n+2, 2n+2], ..., [2n, 3n]]. Then
there do not exist +, ! # G such that P+j # (l i) and P
!
j # (li$). Therefore
8= :
n+1 j3n, P j
+ # (li ), Pj
! # (li$), +, ! # G
+&1!=0.
Assume that i{i$ and [i, i$]  n+1, 2n+1], ..., [2n, 3n]]. Let ’ # G.
Then there exists ( j, !) # [n+1, n+2, ..., 3n]_G such that l’i & li$=P
!
j . Set
+=!’&1. Since P+j =P
!’&1
j # (li) and P
!
j # (li$), we get + # D ij , ! # D i$j and
’=+&1!. Next suppose that +$ # Dij$ , !$ # D i$j$ and ’=+$&1!$. These yield
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l’i & li$=P
!$
j$ . Therefore P
!
j =P
!$
j$ . Hence j= j$, !=!$ and +=+$. Thus
8=G .
We obtain the following lemma by considering the action of the trivial
character of G on the equations of Lemma 2.2.
Lemma 2.3. Let n+1i, i$3n. Then
:
n+1 j3n
mijmi$j
n if i=i$,
={0 if [i, i$] # [[n+1, 2n+1], [n+2, 2n+2], ..., [2n, 3n]],1
2n otherwise.
Lemma 2.4. (i) li j=0 or 1 for 0i, j2n&1.
(ii) If 0i2n&1 and 0 jn&1 then li j+li j+n=1.
(iii) If 0in&1 and 0 j2n&1 then li j+li+n j=1.
Proof. (i) follows from Lemma 2.3. Since G is an elation group with
center P0 and axis l0 , we get (ii) and (iii).
We may assume that l0 0=l0 1= } } } =l0 n&1=1 and l1 0=l2 0= } } } =
ln&1 0=1 by changing the labels of Pi ’s and Lj ’s appropriately. Therefore
l0 n=l0 n+1= } } } =l0 2n&1=0 and ln 0=ln+1 0= } } } =l2n&1 0=0. Set
N=(li j)1i, jn&1.
Lemma 2.5. Let n#0(mod 4). Set k= 12n&1 and *=
1
4n&1. Then
NtN=(k&*) I+*J,
where N is the transpose of N, I is the identity matrix and J is the all 1’s
matrix.
Proof. Let 1in&1. By considering the inner product of the 0th
row
1 } } } 1
n
0 } } } 0
n
96 CHIHIRO SUETAKE
of L and the ith row of L, we get |[1kn&1 | li k=1] |= 12n&1 by
Lemma 2.3. Therefore the number of 1’s contained in each row of N is
1
2n&1.
Next let 1i< jn&1. Then we want to show that the inner product
of the i th row of N and j th row of N is 14 n&1. By changing the labels of
Pr ’s we may assume that the i th row of N is
1 } } } 1
(12) n&1
0 } } } 0
(1)2 n
and the j th row of N is
1 } } } 1
r1
0 } } } 0
(12) n&1&r1
1 } } } 1
r2
0 } } } 0
(12) n&r2
.
Then the i th row of L is
1 } } } 1
(12) n
0 } } } 0
n
1 } } } 1
(12) n
and the j th row of L is
1 } } } 1
r1+1
0 } } } 0
(12) n&1&r1
1 } } } 1
r2
0 } } } 0
(12) n&r2+1+r1
1 } } } 1
(12) n&1&r1
0 } } } 0
r2
1 } } } 1
(12) n&r2
.
By the above argument, we have
(C) r1+r2= 12n&1.
By considering the inner product of the ith row of L and j th row of L, we
get 1+r1+ 12n&r2=
1
2 n. Therefore
(CC) r1&r2=&1.
From (CC) and (C), we have r1= 14n&1. Therefore (li 1 li 2 } } } li n&1)
t(lj 1 lj 2 } } } lj n&1)=r1= 14 n&1. Thus the lemma holds.
Lemmas 2.3, 2.4, and 2.5 yield the following lemma.
Lemma 2.6. LtL= 12nJ+
1
2n(
I
&I
&I
I ), where J is the entire 1’s matrix of
degree 2n and I is the identity matrix of degree n.
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Example 2.7. If n=8, then, for example,
L=
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0
.
1 1 0 0 0 1 0 1 0 0 1 1 1 0 1 0
1 1 1 0 0 0 1 0 0 0 0 1 1 1 0 1
1 0 1 1 0 0 0 1 0 1 0 0 1 1 1 0
1 1 0 1 1 0 0 0 0 0 1 0 0 1 1 1
1 0 1 0 1 1 0 0 0 1 0 1 0 0 1 1
1 0 0 1 0 1 1 0 0 1 1 0 1 0 0 1
1 0 0 0 1 0 1 1 0 1 1 1 0 1 0 0
0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 0 1 1 1 0 1 0 1 1 0 0 0 1 0 1
0 0 0 1 1 1 0 1 1 1 1 0 0 0 1 0
0 1 0 0 1 1 1 0 1 0 1 1 0 0 0 1
0 0 1 0 0 1 1 1 1 1 0 1 1 0 0 0
0 1 0 1 0 0 1 1 1 0 1 0 1 1 0 0
0 1 1 0 1 0 0 1 1 0 0 1 0 1 1 0
0 1 1 1 0 1 0 0 1 0 0 0 1 0 1 1
Lemma 2.5 yields the following theorem.
Theorem 2.8. Let 6 be a projective plane of order n(8). If n#0
(mod 4) and 6 has an elation group G of order 12n with a common center P0
and a common axis l0 , then there exists a Hadamard design with parameters
(n&1, 12n&1,
1
4n&1).
Since translation planes of even order satisfy the assumption of Theorem
2.8, we get another proof of the following known result.
Corollary 2.9. If r(8) is a power of 2, then there exists a Hadamard
design with parameters (r&1, 12 r&1,
1
4 r&1).
Now we describe the corollary explicitly. Let q=2e, V be a 2m-dimen-
sional vector space over GF(q) and S be a spread of V, that is, S be a set
of qm+1 mutually disjoint m-dimensional subspaces of V. Set P=V and
L=[W+v | W # S, v # V]. Then 6=(P, L, # ) is a translation plane of
order n=qm and for each a # P {(a): P % v [ v+a # P is a translation (an
elation with the line at infinity l as the axis).
Let S=[Wi | &1in&1], W0=[v0=0, v1 , ..., vn&1] and U be a
subgroup of (W&1 , +) of order 2me&1. Then G=[{(a) | a # U] is an
elation group of order 12q
m with the center W&1 & l and the axis l . Set
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l0=i , l1=W&1+v0 , l2=W&1+v1 , ..., ln=W&1+vn&1 ,
Pn+1=U+v0 , Pn+2=U+v1 , ..., P2n=U+vn&1 ,
Pn+1=v0 , Pn+2=v1 , ..., P2n=vn&1 ,
ln+1=W0 , ln+2=W1 , ..., l2n=Wn&1 .
Then
0=v0 # U+Wi , vj # U+W0 (0i, jn&1)
and for i, j, n+1i, j2n and a # U
Pj{(a) # (l i)  vj&(n+1) # a+Wi&(n+1) .
Thus we have the following corollary.
Corollary 2.10. Let S=[Wi | &1in&1] be a spread of a 2m
dimensional vector space V over GF(q), where q=2e, me3 and n=qm. Let
U be a subgroup of (W&1 , +) of order 12n. Then N=(li j)1i, jn&1 is an
incidence matrix of a Hadamard design with parameters (n&1, 12n&1,
1
4n&1), where
li j={10
if vj # U+Wi ,
otherwise
for i, j, 1i, jn&1. Actually, N comes from a Singer difference set.
Proof. Let 1in&1. Then simple dimension computations show
that (U+Wi) & W0 is a GF(2)-subspace of W0 of dimension me&1. This
yields the corollary.
Therefore, to get a new (n&1, 12n&1,
1
4 n&1) design from Theorem 2.8,
one needs a projective plane of order n with an elation group of order 12n
which is not a translation plane. We know several classes of such planes,
with one class being the derived dualized Lu neburgTits planes
(LenzBarlotti type II.1).
3. n=12
In this section we consider the converse statement of Theorem 2.8.
Definition 3.1. Let n#0 (mod 4)(n8) and N=(l i j)1i, jn&1 be
an incidence matrix of a Hadamard design with parameters (n&1,
1
2n&1,
1
4 n&1). Set S=(s i j)0i, jn&1 , where si j=li j for i, j, 1i, jn&1
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and s0 i=si 0=1 for i, 0in&1. Set S$=(s$i j)0i, jn&1 where si j+s$i j=1
for i, j, 0i, jn&1 and
L=\ SS$
S$
S +=(li j)0i, j2n&1.
We remark that the matrix L of the definition satisfies the equation of
Lemma 2.6. We get the following theorem from Section 2.
Theorem 3.2. Let n#0 (mod 4) (n8), G be a group of order 12n and
maintain the notaition of Definition 3.1. Then if
Di j={[gi j] for some gi j # G,
if li j=1 ((0i, j2n&1)
otherwise
satisfy the condition
(C) :
0 j2n&1
Di j&1@Di$ j@=G
for i, i$ such that 0i{i$2n&1 and [i, i$]  [[0, n], [1, n+1], ...,
[n&1, 2n&1]], then there exists a projective plane 6 of order n such that
G induces an elation group of 6 of order 12n with a common center and a
common axis.
In the rest of this section, we consider the case n=12. Suppose that there
exist a group G, a matrix L=( SS$
S$
S )=(li j)0i, j23 , and Di j (0i, j23)
satisfying the conditions of Theorem 3.2 (see [5]). Since only one
Hadamard design with parameters (11, 5, 2) exists, we may assume that
S=
1 1 1 1 1 1 1 1 1 1 1 1
.
1 0 1 0 1 1 1 0 0 0 1 0
1 0 0 1 0 1 1 1 0 0 0 1
1 1 0 0 1 0 1 1 1 0 0 0
1 0 1 0 0 1 0 1 1 1 0 0
1 0 0 1 0 0 1 0 1 1 1 0
1 0 0 0 1 0 0 1 0 1 1 1
1 1 0 0 0 1 0 0 1 0 1 1
1 1 1 0 0 0 1 0 0 1 0 1
1 1 1 1 0 0 0 1 0 0 1 0
1 0 1 1 1 0 0 0 1 0 0 1
1 1 0 1 1 1 0 0 0 1 0 0
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We consider the case that G is abelian. Then G=(.) $Z6 . We want to
determine Di j ’s (0i7, 0 j23). By changing base points and base
lines and the generator of G if necessary, we can write
(Di j)0i7, 0 j23
=
1 1 1 1 1 1 1 1 1 1 1 1
1 :0 :1 :2 :3 :4
1 ;0 ;1 ;2 ;3 ;4
1 #0 #1 #2 #3 #4
1 $0 $1 $2 $3 $4
1 ‘0 ‘1 ‘2 ‘3 ‘4
1 ’0 ’1 ’2 ’3 ’4
1 %0 %1 %2 %3 %4
,
1 1 1 1 1 1
;5 1 1 ;6 ;7 1
#5 #6 1 #7 #8 #9
$5 $6 $7 1 $8 $9
‘5 ‘6 ‘7 ‘8 ‘9 ‘10
’5 ’6 ’7 ’8 ’9 ’10
%5 %6 %7 %8 %9 %10
where :0 # [., .2, .3]. Here we omit entries Di j ’s if they are empty sets
and the notation [ ] of each set Di j=[V]. For example, 0 j23 D2 j&1@D1 j@
=G means [1, ;&11 :2 , ;
&1
2 :3 , ;
&1
5 , ;
&1
6 , ;
&1
7 ]=G. But it follows that
there is no [:i], [;i], [#i], [$i], [‘i], [’i], and [%i] satisfying the
condition (C) of Theorem 3.2.
For example, to show whether Z6=[0, :2&;1 , :3&;2 , &;5 , &;6 ,
&;7] or not, we use the following program by Turbo Pascal (We use the
addition instead of the product.):
} } }
procedure sort(var d : ar1; l, w : integer; var a, exchange : Boolean);
begin
w :=d[1]; d[1] :=w&(w div 6) V 6;
w :=d[2]; d[2] :=w&(w div 6) V 6;
w :=d[3]; d[3] :=w&(w div 6) V 6;
w :=d[4]; d[4] :=w&(w div 6) V 6;
101HADAMARD DESIGNS
w :=d[5]; d[5] :=w&(w div 6) V 6;
w :=d[6]; d[6] :=w&(w div 6) V 6;
repeat exchange :=false;
for l :=1 to 5 do
if d[l+1]<d[l] then
begin exchange :=true;
w :=d[l+1]; d[l+1] :=d[l]; d[l] :=w;
end
untill not exchange; a :=false;
if d[1]=0 then if d[2]=1 then if d[3]=2 then
if d[4]=3 then if d[5]=4 then if d[6]=5 then
end[of sort];
begin
} } }
begin
d[1] :=0; d[2] :=:2+5 V ;1 ; d[3] :=:3+5 V ;2 ;
d[4] :=5 V ;5 ; d[5] :=5 V ;6 ; d[6] :=5 V ;7 ;
sort(d, l, w, a, exchange);
if a=true then
} } } .
Therefore we have the following theorem.
Theorem 3.3. There is no projective plane of order 12 with an elation of
order 6.
4. THE HOMOLOGY TYPE
Throughout this section we assume the following.
Hypothesis 4.1. Let 6=(P, L) be a projective plane of odd order n
(7). Let G be a homology group of 6 of order 12 (n&1) with a common
center P0 and a common axis l0 .
Let (l0)=[P1 , P2 , ..., Pn+1] and l i=P0P i (0in+1). Let P0 , P1 , ...,
P3n+3 be G-orbits on P and L0 , L1 , ..., L3n+3 G-orbits on L. Then we may
assume the following:
Pi=[Pi], Li=[li] (1in+1),
|Pi |=|Li |=
1
2 (n&1) (n+2i3n+3),
(li)=Pn+i+1 _ P2n+i+2 , (Pi)=Ln+i+1 _ L2n+i+2 (1in+1).
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If 0 is a point orbit and 2 is a line orbit of G, set (0 2)=|0 & (l )|,
where l is a line in 2.
Set mi j=(Pj Li) for i, j, 0i, j3n+3, M=(mi j)0i, j3n+3 and L=
(mi j)n+2i, j3n+3=(l i j)0i, j2n+1 . Choose a point Pi # Pi and a line
li # Li for i, n+2i3n+3. Set Di j=[+ # G | P+j # (li)] for i, n+2i
3n+3. Clearly |Di j |=m i j . We get the following three lemmas by
arguments similar to those in Section 2.
Lemma 4.2. Let n+2i, i$3n+3. Then
:
n+2j3n+3
D i j&1@Di$ j@
={
n
0
G
if i=i$,
if [i, i$] # [[n+2, 2n+3], [n+3, 2n+4], ...,
[2n+2, 3n+3]],
otherwise.
Lemma 4.3. Let n+2i, i$3n+3. Then
:
n+2 j3n+3
mi j m i$ j
={
n
0
1
2 (n&1)
if i=i$,
if [i, i$] # [[n+2, 2n+3], [n+3, 2n+4], ...,
[2n+2, 3n+3]],
otherwise.
Lemma 4.4. (i) li j=0 or 1 for 0i, j2n+1.
(ii) l0 0=l1 1= } } } =l2n+1 2n+1=0, l0 n+1=l1 n+2= } } } =ln 2n+1=0,
ln+1 0=ln+2 1= } } } =l2n+1 n=0.
(iii) If 0i2n+1, 0jn and (i, j )  [(k, k), (k+n+1, k) |
0kn] then li j+li j+n+1=1.
(iv) If 0in, 0j2n+1 and (i, j )  [(k, k), (k, k+n+1) |
0kn] then li j+li+n+1 j=1.
We may assume that l0 1=l0 2= } } } =l0 n=1 and l1 0=l2 0= } } } =
ln 0=1 by changing the labels of Pi ’s and Lj ’s appropriately. Therefore
l0 n+1=l0 n+2= } } } =l0 2n+1=0 and ln+1 0=ln+2 0= } } } =l2n+1 0 . Set
N=(li j)1i, jn .
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Lemma 4.5. Let n#3 (mod 4). Set k= 12 (n&1) and *=
1
4 (n&3). Then
NtN=(k&*) I+*J,
where I is the identity matrix and J is the entire 1’ s matrix.
Proof. Let 1in. By considering the inner product of the 0th row
0 1 } } } 1
n
0 } } } 0
of L and the i th row of L, we get |[1kn | li k=1]|= 12(n&1) by
Lemma 4.3. Therefore the number of 1’s contained in each row of N is
1
2 (n&1).
Next let 1i< jn. Then we want to show that the inner product of
the i th row of N and j th row of N is 14 (n&3). By changing the labels of
the Pr ’s and Ls ’s we may assume that i=1 and the 1st row of N is
0 1 } } } 1
(12)(n&1)
0 } } } 0
(12)(n&1)
.
Therefore the 1st row of L is
10 1 } } } 1
(12)(n&1)
0 } } } 0
n+1
1 } } } 1
(12)(n&1)
.
Furthermore by changing the labels of Pr ’s (r{1) and Ls ’s (s{1) we may
assume that j=2 or 12 (n+3).
Assume that j=2. Then we may assume that the second row of N is a
0 1 } } } 1
r1
0 } } } 0
(12)(n&1)&r1
1 } } } 1
r2
0 } } } 0
(12)(n&1)&r2
,
where a=0 or 1. Therefore the second row of L is
1 a 0 1 } } } 1
r1
0 } } } 0
(12)(n&1)&r1
1 } } } 1
r2
0 } } } 0
(12)(n&1)&r2+1
1&a 0 } } } 0
r1+1
1 } } } 1
(12)(n&1)&r1
0 } } } 0
r2
1 } } } 1
(12)(n&1)&r2
.
By the above argument, we have
(C) r1+r2= 12 (n&1)&a.
By considering the inner product of the 1st row of L and second row of L,
we get 1+r1+ 12 (n&1)&r2=
1
2 (n&1). Therefore
(CC) r2&r1=1.
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From (CC) and (C), we have 2r1= 12 (n&1)&a&1. Since
1
2 (n&1) is odd,
this equation yields a=0 and r1= 14 (n&3). Therefore (l1 1 l1 2 } } } l1 n)
t (l2 1 l2 2 } } } l2 n)=r1= 14(n&3).
Assume that j= 12 (n+3). Then we may assume that the
1
2 (n+3) th row
of N is
1 b 1 } } } 1
s1
0 } } } 0
(12)(n+1)&s1
1 } } } 1
s2
0 } } } 0
(12)(n&1)&s2
,
where b=0 or 1. By the an argument similar to that for in j=2, we get
b=0 and s1= 14 (n&3). Thus
(l1 1 l1 2 } } } l1 n) t (l(12)(n+3) 1 , ..., l(12)(n+3) n)=s1= 14(n&3).
Hence the lemma holds.
Lemmas 4.3, 4.4, and 4.5 yield the following lemma.
Lemma 4.6.
(CCC) LtL= 12 (n&1) J+
1
2 \(n+1) I (1&n) I(1&n) I (n+1) I+ ,
where J is the entire 1’s matrix of degree 2n+2 and I is the identity matrix
of degree n+1.
Example 4.7. If n=7, then, for example,
L=
0 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0
.
1 0 1 1 0 1 0 0 0 0 0 0 1 0 1 1
1 0 0 1 1 0 1 0 0 1 0 0 0 1 0 1
1 0 0 0 1 1 0 1 0 1 1 0 0 0 1 0
1 1 0 0 0 1 1 0 0 0 1 1 0 0 0 1
1 0 1 0 0 0 1 1 0 1 0 1 1 0 0 0
1 1 0 1 0 0 0 1 0 0 1 0 1 1 0 0
1 1 1 0 1 0 0 0 0 0 0 1 0 1 1 0
0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1
0 0 0 0 1 0 1 1 1 0 1 1 0 1 0 0
0 1 0 0 0 1 0 1 1 0 0 1 1 0 1 0
0 1 1 0 0 0 1 0 1 0 0 0 1 1 0 1
0 0 1 1 0 0 0 1 1 1 0 0 0 1 1 0
0 1 0 1 1 0 0 0 1 0 1 0 0 0 1 1
0 0 1 0 1 1 0 0 1 1 0 1 0 0 0 1
0 0 0 1 0 1 1 0 1 1 1 0 1 0 0 0
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Lemma 4.5 yields the following theorem.
Theorem 4.8. Let 6 be a projective plane of order n(7). If n#3
(mod 4) and 6 has a homology group G of order 12 (n&1) with a common
center P0 and a common axis l0 , then there exists a Hadamard design with
parameters (n, 12 (n&1),
1
4 (n&3)).
Nearfield planes of order n (7) with n#3(mod 4) satisfy the assumption
of Theorem 4.8. Now we describe the Hadamard designs corresponding to
the planes explicitly. Let q(7) be a power of an odd prime with
q#3(mod 4) and R a nearfield of order q. That is, R is a set of order q with
two binary operations + and } satisfying the following conditions:
(i) (R, +) is an abelian group.
(ii) (R&[0], } ) is a group.
(iii) If a, b, c # R, then (a+b) c=ac+bc. (We omit the notation } .)
(iv) a0=0a=0 for all a # R.
Set P=[(a, b) | a, b # R] _ [(c) | c # R _ []], where  is a symbol not
contained in R. Set L=[[m, k] | m, k # R] _ [[m] | m # R _ []], where
[m, k]=[(x, y) # R_R | y=xm+k] _ [(m)], [m]=[(m, y) | y # R] _
[()] for m, k # R and []=[(x) | x # R _ []]. Then 6=(P, L, # )
is a nearfield plane. For each a # R&[0], {(a): (x, y) [ (xa, y),
() [ (), (z) [ (a&1z) is a homology with the center (0) and the axis
[0]. Since (R&[0], } ) has a subgroup S of order 12 (q&1), G=
[{(a) | a # S] is a homology group of order 12 (q&1) (see Section 7 of [9]).
Let R=[a1 , a2 , ..., aq]. Set
P0=(0), l0=[0],
l1=[], l2=[0, a1], l3=[0, a2], ..., lq+1=[0, aq],
Pq+2=[(x) | x # S],
Pq+3=[(x, a1) | x # S], ..., Pq+(q+2)=[(x, aq) | x # S],
Pq+2=(1), Pq+3=(1, a1), Pq+4=(1, a2), ..., Pq+(q+2)=(1, aq),
lq+2=[1], lq+3=[1, a1], lq+4=[1, a2], ..., lq+(q+2)=[1, aq].
Then
(1)  [1], (1, ai)  [1, ai], (1, ai) # [1], (1) # [1, ai] (1iq)
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and for i, j, 1i{ jq and b # S,
Pj+q+2{(b) # (li+q+2)  (1, a j){(b) # [1, ai]
 (b, aj) # [1, ai]
 aj&ai=b.
Thus we have the following corollary.
Corollary 4.9 (cf. [2, p. 97]). Let R=[a1 , a2 , ..., aq] be a nearfield of
order q(7) with q#3 (mod 4) and S a subgroup of (R&[0], } ) of order
1
2 (q&1). Set
mi j={10
if a j&ai # S,
otherwise
for i, j, 1i, jq.
Then M=(mi j)1i, jq is an incidence matrix of a Hadamard design with
parameters (q, 12 (q&1),
1
4 (q&3)).
5. n=11
In this section we consider the converse statement of Theorem 4.8.
Definition 5.1. Let n#3 (mod 4) (n7) and N=(li j)1i, jn be an
incidence matrix of a Hadamard design with parameters (n, 12 (n&1),
1
4 (n&3))
such that li j=0 for i, 1in. Set S=(si j)0i, jn , where si j=li j for
i, j, 1i, jn, s0 0=0 and s0 i=si 0=1 for i, 1in. Set S$=(s$i j)0i, jn
where si j+s$i j=1 for i, j, 0i{ jn and s$i i=0 for i, 0in and
L=\ SS$
S$
S +=(li j)0i, j2n+1 .
We get the following theorem from Section 4.
Theorem 5.2. Let n#3 (mod 4) (n7), G be a group of order 12 (n&1).
Suppose that the notation of Definition 5.1 and the equation (CCC) of
Lemma 4.6 hold. Then if
Di j={[g i j] for some gi j # G,
if l i j=1,
otherwise
(0i, j2n+1)
satisfy the condition (C) 0 j2n+1 D i j&1@Di$ j@=G for i, i$ such that
0i{i$2n+1 and [i, i$]  [[0, n+1], [1, n+2], ..., [n, 2n+1]], then
there exists a projective plane 6 of order n such that G induces a homology
group of 6 of order 12 (n&1) with a common center and a common axis.
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In the rest of this section, we consider the case n=11. Suppose that there
exist a group G$Z5 , a matrix
L=\ SS$
S$
S +=(li j)0i, j23
and Di j (0i, j23) satisfying the conditions of Theorem 5.2. Now we
want to determine the matrix S. By the argument used in the proof of
Lemma 4.5, we may assume that
S=
0 1 1 1 1 1 1 1 1 1 1 1
.
1 0 1 1 1 1 1 0 0 0 0 0
1 0 0 1 1 0 0 1 1 1 0 0
1 0
1 0
1 0 V
1 0
1 0
1 0
1 V 0
1 0
1 0
From the form of S, we may assume that l3 5l3 6 , l3 7l3 8l3 9 and
l3 10l3 11 . Then the possibilities of the third row of S are 100001111010 and
100011010011. For example, if the former case occurs, we may assume l4 5l4 6
and l4 7l4 8 . Repeating a similar argument, we get the following two S ’s.
S1=
0 1 1 1 1 1 1 1 1 1 1 1
,
1 0 1 1 1 1 1 0 0 0 0 0
1 0 0 1 1 0 0 1 1 1 0 0
1 0 0 0 0 1 1 1 1 0 1 0
1 0 0 1 0 1 0 0 0 1 1 1
1 0 1 0 0 0 1 1 0 1 0 1
1 0 1 0 1 0 0 0 1 0 1 1
1 1 0 0 1 0 1 0 0 1 1 0
1 1 0 0 1 1 0 1 0 0 0 1
1 1 0 1 0 0 1 0 1 0 0 1
1 1 1 0 0 1 0 0 1 1 0 0
1 1 1 1 0 0 0 1 0 0 1 0
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S2=
0 1 1 1 1 1 1 1 1 1 1 1
.
1 0 1 1 1 1 1 0 0 0 0 0
1 0 0 1 1 0 0 1 1 1 0 0
1 0 0 0 1 1 0 1 0 0 1 1
1 0 0 0 0 1 1 0 1 1 1 0
1 0 1 0 0 0 1 1 1 0 0 1
1 0 1 1 0 0 0 0 0 1 1 1
1 1 0 0 1 0 1 0 0 1 0 1
1 1 0 1 0 0 1 1 0 0 1 0
1 1 0 1 0 1 0 0 1 0 0 1
1 1 1 0 0 1 0 1 0 1 0 0
1 1 1 0 1 0 0 0 1 0 1 0
But if we write S2=(l (2)i j )0i, j11 , then S1=(l
(2)
i _ j _)0i, j11 , where
_=(3 4)(7 9 8) # Sym[0, 1, ..., 11]. Therefore we may consider only S1 . We
want to determine Di j ’s satisfying the condition (C) of Theorem 5.2. Let
G=(:). By changing base points, base lines and the generator of G if
necessary, we may assume that Di 0=D0 i=Di+12 12=D12 i+12=[1] for i,
1i11, D1 2=D1 19=D13 14=[1] and D1 3=[:]. Using a computer, we
obtained only the following possibility for (Di j)0i, j23 .
(Di j)0i, j11=
, 1 1 1 1 1 1 1 1 1 1 1
,
1 , 1 : :3 :4 :2 , , , , ,
1 , , :3 :2 , , :4 : 1 , ,
1 , , , , :3 :4 : 1 , :2 ,
1 , , 1 , : , , , :4 :3 :2
1 , :2 , , , : 1 , :3 , :4
1 , :4 , 1 , , , :2 , : :3
1 1 , , : , :3 , , :2 :4 ,
1 : , , :4 :2 , :3 , , , 1
1 :4 , :2 , , 1 , :3 , , :
1 :2 :3 , , 1 , , :4 : , ,
1 :3 : :4 , , , :2 , , 1 ,
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(Di j)0i11, 12 j23
=
, , , , , , , , , , , ,
,
, , , , , , , 1 : :4 :2 :3
, 1 , , , :2 :4 , , , :3 :
, : :3 , 1 , , , , :2 , :4
, :3 :2 , , , 1 : :4 , , ,
, :4 , :3 : , , , :2 , 1 ,
, :2 , :4 , : , :3 , 1 , ,
, , :4 : , 1 , , :3 , , :2
, , : 1 , , :2 , , :3 :4 ,
, , 1 , :4 :3 , :2 , , : ,
, , , :2 :3 , : :4 , , , 1
, , , , :2 :4 :3 , 1 : , ,
Di j=Di&12 j+12 for i, j, 12i23, 0 j11 and Di j=Di&12 j&12 for i, j,
12i, j23. Here we omit the notation [ ] of each set Di j=[V]. There-
fore there exists exactly one projective plane of order 11 with a homology
of order 5. Here we have the following theorem.
Theorem 5.3. Any projective plane of order 11 with a homology of order
5 is desarguesian.
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